
1Gauge invarian
e of the fermion dispersion relationbeyond hard thermal loopswith E. MottolaMedium e�e
ts
→ 
olle
tive modes or quasi-parti
lesIn general:behaviour from analyti
 stru
ture of propagatorOur 
ase:
q0 ∼ eT and ~q = 0CM's appear as poles in the propagator
Real part: dispersion law ωImag part: damping rate γIn gauge theories: propagator is gauge dependentQuestion: is the pole gauge invariant?



2Kobes, Kunstatter and Rebhan: from general prin-
iples the singularity stru
ture of 
ertain gauge andmatter propagators is gauge independentR. Kobes, G. Kunstatter and A. Rebhan, Phys. Rev. Lett 64 (1990)2992; R. Kobes, G. Kunstatter and A. Rebhan, Nu
l. Phys. B355(1991) 1.HTL resummation → gauge independent results.Can we go beyond leading order HTL?Motivation:transport equation / transport 
oe�
ients



3Method:fermion propagator: S(Q) = 1/(Q/ − Σ(Q))dispersion relation from poles: S−1(q0, 0) = 0look at zero velo
ity fermions: Qµ = (q0, ~q = 0)

q0 − Σ0(q0, 0) = 0

Σ0(q0, 0) =
1

4
Tr[γ0Σ(q0, 0)]

expand Σ0(q0, 0) in a power series in q0/TSolve iteratively:
q0 = ω̄−iγ̄ = (ω̄(0)+ω̄(1)+· · ·)−i(γ̄(0)+γ̄(1)+· · ·)



4lo 
ontribution to Σ0(q0, 0) is the HTL 
ontribu-tion from the 1-loop diagram:
Re Σ0(q0, 0) = e2T 2/8q0 ; Im Σ0(q0, 0) = 0dispersion relation gives:
ω̄(0) = eT√

8
:= e ω(0)

γ̄(0) = 0



5nlo 
ontribution from subleading temperature 
or-re
tions to the HTL part of the 1-loop diagram:use Dµν(K) =
(

gµν − α
KµKν

K2

)

1

K2Result:
Re Σ(1) = c1e

2q0ln(T
q0

) → ω̄(1) = e3ln (1/e)T c1√
8

Im Σ(1) = d1e
2T → γ̄(1) = d1e

2T

c1 = (1 − α) 1
8π2

d1 = − 1
16π(2 − 3α)I. Mitra, Phys. Rev. D 62, 045023 (2000).S-Y Wang, Phys. Rev. D 20 065011 (2004).Note: c1 and d1 are gauge dependent



6nlo 
ontribution from leading temperature 2-loopProposal:
Re Σ(2) = c2

e4T 2

q0
ln(

T

q0
)

Im Σ(2) = d2
e4T 3

q2
0Dispersion relation:

ω̄(1) = e3ln (1/e)T (c1+8c2) 1√
8

γ̄(1) = (d1 + 8d2) e2TNote: lo 2-loop ∼ nlo 1-loopGoal:show c1 + 8c2 and d1 + 8d2 are gauge independent



7Outline of the 
al
ulation of c2.Real time �nite temperature �eld theoryCTP formulationKeldysh representationDes
ribe formalism for bosons:Green fun
tions are de�ned on a 
ontour:
iDC(x, y) = 〈T̃cφ(x)φ(y)〉

2

1

C

C

T̃c indi
ates time ordering along the 
ontour



8Propagator w/ real time arguments is a 2×2 matrix:
D =

(

D11 D12
D21 D22

)

iD11(x, y) = 〈Tφ(x)φ(y)〉
iD12(x, y) = 〈φ(y)φ(x)〉
iD21(x, y) = 〈φ(x)φ(y)〉
iD22(x, y) = 〈T ∗φ(x)φ(y)〉Keldysh representation:

rk = D11 − D12 =
1

K2 − m2 + isgn(k0)ǫ

ak = D11 − D21 =
1

K2 − m2 − isgn(k0)ǫ

fk = D11 + D22 = (1 + 2n(k0))(DR − DA)

= −2πiN (k0)sgn(k0) δ(K2 − m2)

Vertex is a tensor with non-zero 
omponents:
Γ111 = −Γ222 = −ie



9Two loop 
ontributions:
Q P+Q

P+Q+K

K+Q

K

P

P+Q P+Q+K

K

P

Q

P+Q

K

P+Q+K
P+Q

PQ

Use methods developed inM.E. Carrington, Hou Defu, A. Ha
hkowski, D. Pi
kering, J.C. Sowiak,Phys. Rev. D 61 (2000) 25011;M.E. Carrington, Hou Defu, R. Kobes, Phys. Rev. D 67 (2003) 025021.
sum over internal indi
es
hose 
ombination of external indi
es:
ΣR = Σ11 + Σ12 ; ΣA = Σ11 + Σ21
onstru
t real and imaginary parts:

ReΣ =
1

2
(ΣR + ΣA) ; ImΣ =

1

2i
(ΣR − ΣA)



10Step 1: sum over internal indi
esAn example:
Σα=0

R rain

=
2e4

(2π)6

∫

dp p2
∫

dk k2
∫

dx

∫

dp0

∫

dk0

[((P 2 + Q2 + 2 QP2) k0

−(2 KP + 2 KQ + P 2 + Q2 + 2 QP) (p0 + q0))

(fp rp+q
2 (ak fk+p+q + fk rk+p+q)

+ap (fp+q rp+q (ak fk+p+q + fk rk+p+q)

+ap+q (fp+q fk+p+q rk + ak+p+q (fk fp+q + rk rp+q)

+rp+q (fk fk+p+q + ak rk+p+q))))]



11Step 2: 
olle
t delta fun
tions[a℄ Ea
h graph has 5 propagators[b℄ Ea
h term has 2 symmetri
 props = 2 δ f
ns[
℄ Shift variables so ea
h term ∼ δ(K2)δ(P 2)Problems:[1℄ pin
h terms (give 0 by the KMS 
onditions)[2℄ divergent terms of the form δ(P 2)P(1/P 2).(i) rainbow and bubble have fa
tors D(P )2(ii) α dependent part of the on-shell gauge prop[d℄ regulate these terms:
δ(P 2)P(1/P 2) ∼ (r2

p − a2
p)

=
d

dm2
(rp,m − ap,m)|m2=0

=
d

dm2
dp,m|m2=0

with rp,m = 1/(P 2 − m2 + iǫ sgn(p0))



12Step 3: Gather terms with the same stru
ture:
Σα=0

R

= − e4

(2π)6

∫

dp p2
∫

dk k2
∫

dx

∫

dp0

∫

dk0

(dp dk A + dp,m1 dk B + dp dk,m3
D + dp,m1 dk,m3

E)

Aα=0
rain = −4Pk+p+qNB(p)

(((K2 − P 2)k0 + 2(K2 + KP)p0)NF (k)P2
k+p

+P2
p+q((P

2 + Q2 + 2QP)k0(NB(k) − NF (k))

−(p0 + q0)((P
2 + Q2 + 2KP + 2KQ + 2QP)NB(k)

−2(KP + KQ)NF (k))))

Bα=0
rain = −4Pk+pPp+q(k0(NF (k) − NB(k))P 2

+p0((P
2 + 2KP)NB(k) − 2KPNF (k)))NF (p)



13Step 4: Use delta fun
tions to do the k0 and p0integrals
dp,m1 = − iπ

√

p2 + m2
1

∑

j=±1

j δ(p0 − j
√

p2 − m2
1)

dk,m3
= − iπ

√

k2 + m2
3

∑

n=±1

n δ(k0 − n
√

k2 − m2
3)

Result: an integral over p, k and x.
Σα=0

R |Arain
=

e4π2

(2π)6

∫

dp

∫

dk

∫

dx
∑

{j,n}
[4kpP(q2

0 + 2knq0 + 2jpq0 + 2jknp − 2kpx)NB(p)

(q0(2p
2 + 3jq0p + q2

0)NB(k)P(q0(2jp + q0))
2

+k(n(2p2 + 2jq0p + q2
0) − 2px(jp + q0))

(NB(k) − NF (k))P(q0(2jp + q0))
2)

−8k2p3(n − jx)P(4k2p2(x − jn)2)

P(q2
0 + 2knq0 + 2jpq0 + 2jknp − 2kpx)NB(p)NF (k)]



14Step 5: Find pie
es that 
orrespond to the regionsof phase spa
e that give the dominant 
ontributionin the high temperature limit.One momentum must be soft
→ 1/soft enhan
ement in the denominator.One momentum must be hard
→ result isn't phase spa
e supressed.basi
 stru
ture: hard/soft in the integrand.We need: {k-hard, p-soft} and {p-hard, k-soft}



15
Σα=0

R |Arain
=

e4π2

(2π)6

∫

dp

∫

dk

∫

dx

8k p nB(p)(nB(k) + nF (k))

[(−2(x − 1)p2 + 2(x − 1)q0p − q2
0

q2
0(2p + q0)2(−xp + p + q0)

+
−2(x − 1)p2 + 2(x − 1)q0p + q2

0

q2
0(q0 − 2p)2(p(x − 1) + q0)

− 2(x + 1)p2 − 2(x + 1)q0p + q2
0

(xp + p − q0)q
2
0(q0 − 2p)2

+
2(x + 1)p2 + 2(x + 1)q0p + q2

0

q2
0(2p + q0)2(xp + p + q0)

)]



16Step 6: extra
t the leading high T pie
e.Expand in q0/T smallSin
e leading term is logarithmi

→ be 
areful with denominatorsWe rewrite terms in the form:
∫

dp

∫

dk

∫

dx f (p, k, x)P
(

1

p2 − q2
0/4

)

∫

dp

∫

dk

∫

dx f ′(p, k, x)P
(

1

k2 − q2
0/4

)

1st form for terms dominated by k-hard and p-soft2nd form for terms dominated by p-hard and k-softFor the Arain term the result is:
Σα=0

R |Arain
=

e4π2

(2π)6

∫

dp

∫

dk

∫

dx

16 k p nB(p) (nB(k) + nF (k))
(

x2 − 1
)

q0
P
(

1

p2 − q2
0/4

)



17Step 7: Combine and do the remaining integralsColinear divergen
es 
an
el.Int over x and hard momentum 
an be done dire
tly.Int over soft momentum 
an be done using
nF (p) = nB(p) − 2nB(2p)and the formula

∫ ∞

0
dp p nB(p)P(

1

p2 − x2
) ∼ −1

2
ln(

T

x
)



18Final Result:
Re Σ(2) =

e4T 2(α − 4) log
(

T
q0

)

64q0π2

Compare: Re Σ(2) = c2
e4T 2

q0
ln(T

q0
)

⇒ c2 = (α − 4) 1
64π2

Next-to-leading order part of the 1-loop diagram:
Re Σ(1) → c1 = (1 − α) 1

8π2Re
all dispersion relation:
ω̄(1) = e3ln (1/e)T (c1+8c2) 1√

8

c1 + 8c2 = − 3
8π2 = gauge independent



19Con
lusion:mass of a soft fermion q0 ∼ eT and ~q = 0is gauge independent at next-to-leading-orderbeyond the HTL approximation
al
ulation for the damping rate is in progress


